The macroscopic effects on the broadband supercontinuum generated in the interaction of an ω and ω/2 bichromatic laser pulse and an atom are investigated with a three-dimensional propagation model. It is shown that a broadband supercontinuum can still be generated when the macroscopic effects are included, and the macroscopic effects can ameliorate the temporal characteristic of the broadband supercontinuum of a single atom. When the broadband supercontinuum propagates through the low-density gas medium, the modulations of the broadband supercontinuum can be weakened or even eliminated by phase matching. Moreover, this unmodulated broadband supercontinuum can steadily last for a relative long distance of propagation and can be directly filtered to generate an isolated sub-100 attosecond pulse.
Introduction
Great emphasis and efforts have been recently dedicated to the generation and measurement of attosecond pulses [1] [2] [3] . These spring from the great potential of attosecond pulses to trace the electronic dynamics in atoms and molecules [4] [5] [6] . Attosecond pulses can be synthesized with the high harmonics generated in the interaction of the strong laser field and atomic or molecular gases. The process of high harmonic generation (HHG) is well understood in terms of the three-step model [7] . In detail, an electron is first ionized by the driving laser. Once free, the electron oscillates in the continuum in response to the laser field. A small fraction of the ionized electrons recombine with the parent ions and liberate their excess energy via high harmonics. Such a process periodically occurs every half optical cycle of the laser field and produces two attosecond pulses each half cycle. For straightforward attosecond metrology, an isolated attosecond pulse is preferable to a train of attosecond pulses. Hence, much efforts have been expended to produce a broadband supercontinuum and an isolated attosecond pulse. If the driving pulse is a phase-stabilized few-cycle pulse, the emission time of the highest harmonics is confined within half an optical cycle where the laser field reaches its maximum, which leads to a supercontinuum at the cutoff. The supercontinuum can be filtered out to produce an isolated attosecond pulse [4, 5, 8] . By decreasing the laser pulse duration, the bandwidth of the supercontinuum can be broadened and the pulse duration can be compressed. Cavalieri et al [8] has obtained a 40 eV supercontinuum with a sub-1.5-cycle near-infrared laser pulse, which can support an isolated sub-100-as pulse generation. But such a driving pulse can only be achieved with a state-of-the-art laser system and other approaches to broaden the bandwidth of the supercontinuum are desired. A different approach for the generation of broadband supercontinuum is based on the use of phase-stabilized few-cycle driving pulses in combination with polarization gating technique [9, 10] . This scheme has been implemented and an isolated 130 as pulse is produced [10] .
Recently, it has been theoretically demonstrated that a broadband supercontinuum can be produced by superimposing a second harmonic controlling pulse onto the few-cycle driving pulse [11, 12] . Moreover, there is some advantage by using a subharmonic controlling field [12, 13] . Firstly, a more broadband supercontinuum can be generated by adding a subharmonic controlling field than a second harmonic controlling field. Since the ponderomotive energy and therefore the spectral cutoff are proportional to the wavelength squared, the longer driving wavelengths will generate higher order harmonics. In addition, by adding a subharmonic controlling field, the duration of the driving pulse can even be doubled, which enables the generation of a broadband supercontinuum in the multicycle regime. However, it should be stressed that this scheme has been considered only for a single atom and requires a careful study of the macroscopic effects, since macroscopic effects, such as phase matching, may significantly alter the single-atom signal [14] [15] [16] . Furthermore, ionization is concomitant with the HHG, and the ionized gas medium will lead to a distortion and phase shift of the laser pulse after propagation [17] . This is a very serious issue for the HHG in the two-color laser pulse, for the HHG sensitively depends on the relative phase between the two laser pulses. However, due to the different frequencies, the distortion and phase shift induced by ionized gases are different for the driving and controlling laser pulses. Then it results in a dephasing between the driving and controlling pulses, which will significantly influence or even destroy the supercontinuum and attosecond pulse reported at the singleatom level.
In this paper, we theoretically investigate the macroscopic effects on the supercontinuum and attosecond pulse generated in a 10 fs/800 nm driving laser pulse in combination with a 10 fs/1600 nm controlling laser pulse with a three-dimensional propagation model. The numerical results show that a broadband supercontinuum can still be generated when the macroscopic effects are included. Moreover, the macroscopic effects can ameliorate the temporal characteristic of the broadband supercontinuum of the single atom. When the gas medium is located 1 mm downstream from the laser focus, the modulations of the broadband supercontinuum can be eliminated by the phase matching of the short quantum path in propagation. Therefore, a very smooth broadband supercontinuum and an isolated 75 as pulse can be obtained in the interaction of an ω and ω/2 bichromatic laser pulse and a gas medium.
Theoretical model
Modelling HHG in a gas medium involves calculation of the single-atom dipole response (SADR) induced by a laser pulse and simulation of co-propagation of the laser and harmonics beams. While the most precise way to calculate the SADR is by numerically solving the time-dependent Schrödinger equation, this method is time consuming. Instead, the Lewenstein model [18] is frequently invoked, which gives qualitatively correct predictions in the regime where the strong-field approximation is valid. In this model, the instantaneous dipole moment of an atom is calculated with the Lewenstein model in a nonadiabatic form [18] and is described as (in atomic units)
In this equation, E f (t) is the electric field of the laser pulse, A(t) is its associated vector potential, ε is a positive regularization constant and w(t ) is the ionization rate, which is calculated by the ADK [19] theory. p st and S st are the stationary momentum and quasiclassical action, which are given by (3) where I p is the ionization energy of the atom. d(p) is the dipole matrix element for transitions from the ground state to the continuum state. For hydrogen-like atoms, it can be approximated as
The co-propagation of the laser and harmonics beams can be described by the wave equations in the cylindrical coordinate system and assuming radial symmetry [20, 21] ,
where E f is the laser field, E h is the harmonic field, ρ is the transverse coordinate, z is the propagation coordinate, c is the speed of light in vacuum and μ 0 is the permeability of free space. The plasma frequency and the nonlinear polarization generated by the gas medium are ω p (ρ, z, t) = e 2 n e (ρ, z, t)/ε 0 m e and P nl (ρ, z, t) = [n 0 − n e (ρ, z, t)]d nl (ρ, z, t), respectively. Here n 0 is the gas density, n e (t) = n 0 1 − exp − t −∞ w(t ) dt is the freeelectron density, ε 0 is the dielectric constant in vacuum, and e and m e are electron charge and mass, respectively. Note that equations (5) and (6) take into account temporal plasmainduced phase modulation and spatial plasma lensing effects, while it does not consider the dispersion and absorption of the Harmonic order Intensity (arb. units) Figure 1 . The harmonic spectrum of the helium atom generated by the synthesized laser field consisting of a 800 nm driving pulse and a 1600 nm controlling pulse. The duration is 10 fs. The intensity of the driving pulse and the controlling pulse are 6 × 10 14 W cm −2 and 5.4 × 10 13 W cm −2 , respectively. The relative phase is −0.1π .
atoms which are negligible in the low-density gas medium.
Equations (5) and (6) can be solved in the moving coordinate 
Results and discussion
We first calculate the single-atom spectrum driven by an ω and ω/2 bichromatic laser pulse using the Lewenstein model. In our calculation, the bichromatic laser pulse is synthesized by a 10 fs/800 nm driving pulse and a 10 fs/1600 nm controlling pulse. The intensity of the driving pulse and the controlling pulse are 6 × 10 14 W cm −2 and 5.4 × 10 13 W cm −2 , respectively. Then the intensity of the controlling pulse is 9% of the driving pulse. The electric field of the synthesized bichromatic laser pulse is expressed by
Here E 0 and E 1 are the amplitudes, and ω 0 and ω 1 are the frequencies of the driving and controlling fields, respectively. T = 10T 0 (T 0 : optical cycle of the driving laser pulse) is the duration of the full pulse, i.e., the duration of the pulse is about 10 fs (FWHM). φ is the relative phase and is chosen to be −0.1π to generate a broadband supercontinuum. Note that the carrier-envelope phases of the two pulses are both fixed to zero and the relative phase φ can be realized by a piezoelectric transducer delay stage [22] . The model atom is chosen to be helium and its ionization energy of the ground state is 24.6 eV. The single-atom spectrum is shown in figure 1 . As the description in [12] , a 125 eV supercontinuum (85th-165th harmonics) is generated by the The entrance of the gas medium is 2 mm, 1 mm and 0 mm after the laser focus, respectively. The density of the gas medium is 2.6 × 10 18 cm −3 , and the beam waist at the focus is 25 μm. Other parameters are the same as in figure 1. controlling pulse enhancing the difference between the highest peak and the second-highest peak of the synthesized field. And the harmonics in the supercontinuum are radiated only in a half optical cycle just after the highest peak of the synthesized field, which may be synthesized to generate attosecond pulses. However, because these harmonics are generated through two main quantum paths, short and long quantum paths, there are obvious modulations in the supercontinuum, and the attosecond pulse generated from the supercontinuum always has two peaks.
In the following, we investigate the macroscopic effects on the broadband supercontinuum with the three-dimensional propagation model. The laser pulse is assumed as Gaussian beam propagating in the z-direction, and is focused at z = 0. The beam waist at the focus is w 0 = 25 μm, which gives a Raleigh range z R = 2.5 mm to the driving pulse, other parameters are the same as in figure 1. The gas density is 2.6×10 18 cm −3 . Figure 2 shows the broadband supercontinua on the axis after propagation through a 1 mm helium gas medium when the entrance of the gas medium is located at different positions, z = −2.5, −1.5, −0.5, 0, 1.0 and 2.0 mm. It can be found that there are obvious modulations in the broadband supercontinua when the entrance of the gas medium is located at z = −2.5, −1.5, −0.5 and 0 mm. When the entrance medium is located at z = 1.0 and 2.0 mm, there are very small modulations in the supercontinua. Especially, when the entrance of the gas medium is located at z = 1.0 mm, the supercontinuum above 100th harmonic is very smooth.
Comparing with the supercontinuum of a single atom, as shown in figure 1 , it can be found that the macroscopic effects on the broadband supercontinuum are different when the gas medium is put at different positions. When the entrance of the gas medium is located at z = 2 and 1 mm, the modulations of the supercontinua are weakened and even eliminated in propagation. However, when the gas medium is put at other positions, the modulations are hardly weakened synchronously for a relative broadband harmonics and even strengthened for some harmonics. These can be interpreted with phase matching and the selection of quantum paths in propagation. In our simulation, the maximal variation of the relative phase between the driving pulse and the controlling pulse is only 0.04π on the axis, which occurs when the entrance of the gas medium is put at z = −1.5 mm. This small variation can hardly destroy the scheme of the two-color field at singleatom level, which allows the relative phase to change from 0 to −0.2π [12] , and is negligible in the propagation of HHG. Then in propagation, phase matching between the nonlinear polarization in the medium and the generated harmonic field is mainly determined by the interplay between the phase variation (δψ geo ) of the laser pulse across the focus and the variation (δψ dip ) of the total dipole phase in the nonlinear medium (following the distribution of laser intensity) [14] . When the gas medium is put before the laser focus, the two terms (δψ geo and δψ dip ) add, which prevents phase matching on axis. When the gas medium is put downstream from the focus, the two terms compensate, which allow phase matching on the axis. Consequently, phase matching strongly depends on the position of the medium relative to the laser focus. Moreover, the intensity dependence of δψ dip is different for the two main quantum paths [14] . This affects phase matching dramatically. Depending on the geometrical conditions, i.e., on the behaviour of δψ geo , the contribution of one quantum path can be enhanced (if δψ geo + δψ dip of this quantum path is small) and the others reduced. When the entrance of the gas medium is put at z = 1 mm or z = 2 mm, the phase variation induced by focusing is small and the selected quantum path is the one with the slow phase variation (short quantum path). Therefore, the modulations of the supercontinua, especially above 100th harmonics, are weakened or even eliminated as shown in figure 2(b) . The selection of the short quantum path, i.e., the phase matching of the short quantum path, can also be illustrated by the time-frequency distribution of the broadband supercontinuum shown in figure 3 . Figure 3 shows the timefrequency distribution of the broadband supercontinuum after propagation through a 1 mm helium gas medium when the entrance of the gas medium is located at z = 1 mm, i.e., the smooth broadband supercontinuum shown in figure 2(b) (red line). It can be found that the intensity of the harmonics from short quantum path is very strong, about 10 −8 , and the harmonics from long quantum path is very weak, about 10 −12 . Therefore, the modulations induced by the interference between short and long quantum paths are too weak to discernible. Note that when the gas entrance is before the laser focus, the intensity of the laser pulse increases with propagation, and HHG is extended to higher order, as shown in figure 2(a) . In the paragraph above, we only investigate the supercontinua at a few specific distances beyond the laser focus and find that the modulations of the supercontinua are weakened or even eliminated since the phase matching of the short quantum path is accomplished when the entrance of the gas medium is put at z = 2 mm or z = 1 mm. It does not mean that the phase matching of the short quantum path can only be accomplished in these two specific conditions. Actually, the phase matching of the short quantum path can be accomplished relatively perfectly when the entrance of the gas medium is put at any points between 0.5 and 2 mm after the laser focus. In these conditions, the intensities of the harmonics from the long quantum path in the supercontinuua are all lower than 10% of the harmonics from the short quantum path. Moreover, the perfect phase matching of the short quantum path is accomplished when the entrance of the gas medium is put at z = 1 mm, and the phase matching of the short quantum path becomes poor with the entrance of the gas medium departing from z = 1 mm. Thus, in the following paragraphs, we will only consider the supercontinuum when the entrance of the gas medium is put at z = 1 mm.
The broadband supercontinuum is also influenced by the distance of propagation. Figure 4 shows the broadband supercontinua on the axis after propagating 0.75 mm (a), 1.0 mm (b) and 1.25 mm (c) through the helium gas medium. The entrance of the gas medium is put at 1 mm downstream from the laser focus. Other parameters are the same as in figure 2 . As shown in figure 4(a) , when the harmonics propagate 0.75 mm through the gas medium, the phasematching condition of the short quantum path is almost satisfied for the harmonics above 100ω 0 (ω 0 : frequency of the driving pulse), and a smooth broadband supercontinuum is obtained. When the distance of propagation is longer than 0.75 mm, the higher order harmonics of the supercontinuum (110th-165th harmonics) have hardly change, with a steady structure and intensity, and only the lower order harmonics (80th-110th harmonics) are weakly adjusted. To interpret these, we calculate the single-atom dipole response using the laser pulse after propagating 0.75 mm through the gas medium. We find that the cut-off frequency of the harmonic is about 110ω 0 and the ionization rate is about 0.4%. Therefore, when the distance of propagation is longer than 0.75 mm, the harmonics generated at every position are lower than 110th harmonic and the plasma frequency of the ionized gas is lower than 1/2500ω 0 . In these conditions, the higher order harmonics in the broadband supercontinuum can propagate freely in the low-density and low-ionization gas medium and the structure can be steadily maintained for a relative long distance. However, to the lower order harmonics of the broadband supercontinuum, when they propagate to the next point, the harmonics generated at the point will be added to them. If the two parts are phase matching, the corresponding harmonics in the broadband supercontinuum will be enhanced, otherwise reduced. Therefore, the shape and intensity of the lower order harmonics in the broadband supercontinuum still have some changes when the distance of propagation is longer than 0.75 mm. Altogether, the most part of the broadband supercontinuum is steady as it propagates from 0.75 mm to 1.25 mm through the gas medium and it makes the experiment more convenient. Furthermore, we investigate the attosecond pulse generation with the broadband supercontinuum on the axis when it propagates through the gas medium. Figure 5(a) shows the temporal profile of the attosecond pulse by superposing the 125th-160th harmonics in the supercontinuum at the entrance of the gas medium. The entrance of the gas medium is located 1 mm downstream from the laser focus, and other parameters are the same as in figure 2 . There are two attosecond pulses with a duration of 75 as (FWHM) located at 5.13T 0 and 5.33T 0 , which correspond to short and long quantum paths. After propagating 1 mm through the gas medium, the attosecond pulse at 5.33T 0 is eliminated, and only an isolated pulse with a duration of 75 as (FWHM) is obtained at 5.13T 0 , as shown in figure 5(b) . The changes of the attosecond pulse is also induced by the phase matching and the selection of quantum paths when the pulse propagates through the gas medium. As discussed above, in this focus condition, the harmonics contributed from the Figure 5 . The temporal profile of the attosecond pulses generated from the broadband supercontinuum at the entrance of the gas medium (a) and 1 mm downstream from the entrance of the gas medium (b). The entrance of the gas medium is located 1 mm downstream from the laser focus, and the harmonics from 125th to 160th are selected. Other parameters are the same as in figure 2.
short quantum path are enhanced by phase matching, while the harmonics contributed from the long quantum path are restrained for phase mismatching when propagating through gas medium. Finally, the phase matching of the short quantum path leads to the selection of the short quantum path and the generation of an isolated attosecond pulse. On the other hand, we note that the bandwidth of the smooth supercontinuum is very broad (100th-165th harmonics, 100 eV), and supports an isolated 40 as pulse in the Fourier transform limit. However, the harmonic chirp prevents producing the Fourier-transformlimited pulse. This issue can be meliorated by a filter, such as an Sn filter, which can compensate the harmonic chirp and approach the transform-limited pulse [9] .
The controlling pulses with different wavelengths, such as 1400 and 1800 nm, are also calculated and we find that the macroscopic effects on the broadband supercontinuum discussed above are almost the same. In addition, when the duration of the subharmonic controlling pulse is double, the characteristics of the broadband supercontinuum are little changed.
Conclusion
In conclusion, we investigate the macroscopic effects on the broadband supercontinuum generated in a 10 fs/800 nm driving pulse in combination with a 10 fs/1600 nm controlling pulse pulse. The shift of the relative phase between the driving and controlling pulse is very small when the two pulses propagate in the low-density gas medium, and its influence on the single-atom response and macroscopic response is negligible. Moreover, the macroscopic effects can ameliorate the temporal characteristic of the broadband supercontinuum. Similar to a one-color field, the selection of the quantum path can be obtained or partly obtained by phase matching when the harmonics propagate through the low-density gas medium. Especially, when the gas medium is located 1 mm downstream from the focus, a very smooth broadband supercontinuum and a 75 as isolated attosecond pulse can be obtained by the selection of the short quantum path in propagation. Furthermore, this smooth supercontinuum can be steadily maintained in the gas medium for a distance of 0.5 mm.
